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A sequence of points ( x, | @ < ) in a topological space is a free
sequence if the topological closure of { x, 1 @« < [3) is disjoint from
the topological closure of (x, 1 f < a < ) for each 5 < ~.

> Introduced by Alexander Arhangel’ski.
> Related to the tightness of the space of the space.
» Used to prove |X| < 2X(OLX),
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Free sequences in Boolean algebras

Definition (Don Monk)

Sequence A = (a, | a € 7y) of elements of B of ordinal length 7 is a
free sequence if the family Cg = {a, 1o < B} U{d 18<a<~}
is centered for each 8 < .

A free sequence is maximal if it is maximal with respect to
end-extension.

Monk studied the cardinal spectrum of cardinalities of maximal free
sequences for a given B.

f(B) = min{ |A| | Ais a maximal free sequence in B }

Question (Monk)
What is the relation of f(B) and u(B)?

Theorem (K. Selker)

It is consistent that there is B such thatw = f(B) < u(B) = wy
(and CH).
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Free sequences in P(w)/fin

Let A be a free sequence in P(w)/fin.
Denote

comb(A) = { ﬂ an N ﬂ LT, Ac[y]™T< A}.
acl aclA

Every strictly C* descending sequence is a free sequence.

If a free sequence A generates an ultrafilter, then A is maximal.

Lemma

There is a free sequence which does not generate an ultrafilter.

Assumew =XUY,A=(a, CX1a€vy),B=(by,CYIia€Er)
are maximal free sequences.

For (o, i) € v x 2let cy,i = aq U ba.

C={(cqit(a,i) €y x2)isamaximal free sequence.

Lemma
The length of a maximal free sequence may not be a limit ordinal.
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Cardinality considerations

X C [w]” is an independent system if for every function f: X — 2 is
the family { dDacx } centered.

i =min{ |X| 1 X is a maximal independent system }

R C [w]” is a reaping family if for every a € [w]” there is r € R such
that r C* aorrna=*1.

vt = min{ |R| 1 R is a reaping family }

u = min{|V| 1 Vis an ultrafilter base }



Let U be a non-principal ultrafilter.

The character x(U) of U is the minimal cardinality of a base of .



Let U be a non-principal ultrafilter.

The character x(U) of U is the minimal cardinality of a base of .
The m-character wx(U) is the minimal cardinality of a w-base of I{.
B C [w]” is am-base of U for each U € U there is B <€ B, B C* U.



Let U be a non-principal ultrafilter.

The character x(U) of U is the minimal cardinality of a base of .
The m-character wx(U) is the minimal cardinality of a w-base of I{.
B C [w]” is am-base of U for each U € U there is B <€ B, B C* U.

u* = min{ x(U) 1 U is an ultrafilter such that x(U) = mx(U) }



Let U be a non-principal ultrafilter.

The character x(U) of U is the minimal cardinality of a base of .
The m-character wx(U) is the minimal cardinality of a w-base of I{.
B C [w]” is a w-base of U for each U € U there is B € B, B C* U.

u* = min{ x(U) 1 U is an ultrafilter such that x(U) = mx(U) }

Question (Brendle-Shelah)
Does there exist an ultrafilter U such that x (i) = mx(U)?



Let U be a non-principal ultrafilter.

The character x(U) of U is the minimal cardinality of a base of .
The m-character wx(U) is the minimal cardinality of a w-base of I{.
B C [w]” is a w-base of U for each U € U there is B € B, B C* U.

u* = min{ x(U) 1 U is an ultrafilter such that x(U) = mx(U) }
Question (Brendle-Shelah)
Does there exist an ultrafilter U such that x (i) = mx(U)?

Theorem (Bell-Kunen)
There is (in ZFC) an ultrafilter U such that wx(U) = cof c.



Let U be a non-principal ultrafilter.

The character x(U) of U is the minimal cardinality of a base of .
The m-character wx(U) is the minimal cardinality of a w-base of I{.
B C [w]” is a w-base of U for each U € U there is B € B, B C* U.

u* = min{ x(U) 1 U is an ultrafilter such that x(U) = mx(U) }
Question (Brendle-Shelah)
Does there exist an ultrafilter U such that x (i) = mx(U)?

Theorem (Bell-Kunen)
There is (in ZFC) an ultrafilter U such that wx(U) = cof c.

Theorem (Balcar-Simon)
v = min{ mx(U) 1 U is a non-principal ultrafilter }
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Fact
>t <i
»r<u<ut

> Ifv=u, thenu* = u.

f = f(P(w)/fin)

Lemma

r<f<u*

Corollary

Ift=u,thenf=u=r.

Observation

Miller model: w1 =u=f<i=c¢=w,.
Question

Isi < | consistent with ZFC?
What aboutt < 2 u < §?
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Consistency ofi=f <u -  Shelah’s model fori < u

Theorem
i = f < u is consistent with ZFC.

Denote C,, = { h: kK — 21 |h| < w } ordered by reverse inclusion.

A forcing P is s Cohen-preserving if for each dense D C C,;, D € V[(]
exists C € V which refines D.

Proposition (A. Miller)

If P is a proper forcing with the Sacks property,
then P is Cohen-preserving.
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Definition (Goldstern—Shelah)

An independent system A is dense if the set { h 1 hreaps X } is dense
in C 4 for each X C w.

Observation
A dense independent system is maximal.

Proposition (Goldstern—Shelah)

For each maximal independent system A there exists h € C 4 such that
AT Al is a dense independent system.
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Definition (Goldstern—Shelah)

An independent system A is dense if the set { h 1 hreaps X } is dense
in C 4 for each X C w.

F .4 be afilter defined by F € .Z 4 iff { h1 h hits F } is dense in C 4.
Let €4 = {w\Ah 1he CA}.

Lemma

An independent system A is dense iff P (w) \ .Z 4 is generated by € 4.

Let P be a Cohen-preserving forcing.
The set G4 is absolute,
the filter (%.4)"1% is generated by (.F4)".

To show that A is preserved as a maximal independent system in V[G]|
it is sufficient to show that 6 4 generates P (w) \ (Z.4)" in V[G].
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Definition
Let B be a free sequence, A be a dense independent system. We say B
is associated with A if B is maximal, and B generates .Z 4.

Proposition

Let B be a free sequence associated with A, P be a Cohen-preserving
forcing, preserving A as a dense independent system. Then in V[C] the
sequence B remains to be associated with A (i.e. maximal).

Proposition
Assume CH. There exists a selective dense independent system A
and a free sequence B associated with A.

Theorem (Shelah)

Let U be a non-principal ultrafilter. There exists a proper, Sacks
property (i.e. Cohen-preserving) forcing Py; which destroys U (as an
ultrafilter base) and preserves selective dense independent systems.



